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Abstract
The quest for extension of holographic correspondence to non-relativistic sectors
naturally includes Schrödinger backgrounds and their field theory duals. In this
paper we study the holography by probing the correspondence with pulsating strings.
The case we consider is pulsating strings in five-dimensional Schrödinger space times
five-torus T 1,1, which has as field theory dual a dipole CFT. First we find particular
pulsating string solutions and then semi-classically quantize the theory. We obtain
the wave function of the problem and thoroughly study the corrections to the energy,
which by duality are supposed to give anomalous dimensions of certain operators in
the dipole CFT.
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1 Introduction
In recent years the intensive development of the AdS/CFT correspondence has provided
us with powerful tools for studying important aspects of string theory and quantum field
theories. This unusual correspondence is a true duality in a sense that the strong coupling
quantum regime of one of the theories is equivalent to the weakly coupled semi-classical
regime of the other one. The latter enables us to establish a dictionary between objects
on both sides of the duality, which opens a window to non-perturbative physics.
Although the correspondence has been successfully applied to the description of highly
supersymmetric theories, it has also been extended to less supersymmetric models, which
are more interesting for phenomenology. From gravitational point of view, a straight-
forward way to reduce supersymmetry in a given model can be achieved by deforming the
original spacetime background such as the new background is again an Einstein manifold.
A simple procedure, proposed in [2], enables us to explicitly generate new supergravity
solutions and also gives suggestions about their dual gauge theories. This approach is
based on the global symmetries underlying the starting theory. Particularly, having two
global U(1) isometries one can interpret them geometrically as a two-torus with action
of the associated SL(2,R) symmetry on the torus parameter, which are given by τ →
τ˜ = τ/(1 + γτ). Considering type IIB backgrounds, one already has SL(2,R) symmetry
of the 10-dimensional background. In this case, the existing two SL(2,R) symmetries
get combined to form SL(3,R), which can be seen as a compactification of M-theory on
T 3. However, from holographic point of view, it is important where in the spacetime the
two-torus, associated with the global isometries, are located. Indeed, if the torus lives
entirely in the asymptotically AdS part of the background geometry the dual gauge theory
becomes essentially non-commutative. Here, the U(1) charges are identified as momenta
and the product in the field theory is replaced by the Moyal star-product. If however, the
torus resides in the complementary part of the given spacetime, the product between the
fields is the ordinary product, but the theory exhibits a Leigh-Strassler deformation [3].
Since the deformation is taken in a direction along the R-symmetry it is quite clear that the
supersymmetry in the new theory will be at least partially broken. This is in agreement
with the gauge theory side, as shown in [3]. This solution generating technique can be
applied to wide range of cases even with or without the presence of the SL(2, R) symmetry.
A well-known example is the exactly marginal deformations of N = 4 Super Yang-Mills
theory, considered in [3], whose gravity dual (for the so-called β-deformation) was derived
in [2]. Other examples also include deformations of Lunin-Maldacena background, which
have been thoroughly studied in the literature, for instance in [4–13].
Recently, in an attempt to generalize the AdS/CFT correspondence to strongly coupled
non-relativistic field theories [14,15], qualitatively different solutions have been obtained.
A particularly interesting examples include the non-relativistic Schrödinger spacetimes,
where the isometry group of the background geometry on string side is the Schrödinger
group. It consists of time and space translations, space rotations, Galilean boosts and
dilatations. It has also been shown that possible duals to such theories could be realized
as the so called dipole gauge theories. These quantum field models are characterized with
non-locality, but still living on an ordinary commutative space. Further investigations on
dipole theories can be traced for instance in [16–18].
One direction, where these solutions have been used, is in the description of ordinary
N = 1 SQCD-like gauge theories, which are considered in the context of D-brane construc-
tions. This type of deformations are typically used to decouple spurious effects coming
2
from Kaluza-Klein modes on cycles wrapped by the D-brane [7–11]. Furthermore, models
with non-relativistic symmetries are related to a number of other physically interesting
studies, such as the Sachdev-Ye-Kitaev (SYK) model [19], Fermi unitary gas [20], and
models with trapped supercooled atoms [14], which in most cases are strongly correlated.
For this reason, we are motivated to investigate the properties of these holographic
models on the string side, where calculations can be performed explicitly. An impor-
tant step in this line of investigations has been done in [21] where strong arguments for
integrability and quantitative check of the matching between string and gauge theory
predictions have been presented. These studies triggered a new interest to holography in
such backgrounds, since they open the option to gain important knowledge about dipole
theories for instance. Particular string solutions beyond the supergravity approximation
has been found in [21–24]. A semiclassical quantization has been also considered in [25]
and very recently finite corrections has been also obtained [26].
In the current paper we focus on investigating the dynamics of pulsating strings on
spacetime with Schrödinger symmetry. On the gauge theory side the models are known as
non-relativistic duals. Gravity duals of theories with Schrödinger symmetry were obtained
in [15]. The relevant for our considerations Schrödinger part of the background was
obtained in [27] by TsT deformation along certain directions from AdS5×S5. As shown for
instance in [28], the generated solutions are twisted and the supersymmetry is completely
broken. More detailed description of this technique can be found for instance in [2].
A brief review of pulsating strings in holography has been presented in [27], where the
authors also investigated the case of pulsating strings in Schr5 × S5. Our considerations
will be restricted to the bosonic sector of the theory with complementary manifold of type
T 1,1 conifold, which is interesting as being a part of the Calabi-Yau manifolds from the
string landscape.
Our studies begin in Section 2, where we consider the standard Polyakov string action
in conformal gauge for pulsating strings in Schr5 × T 1,1 spacetime. Here, we impose an
appropriate pulsating string anzats and explicitly solve the corresponding classical equa-
tions of motion together with the Virasoro constraints in terms of simple trigonometric or
Jacobi elliptic functions. Furthermore, in this section we identify the relevant conditions
of the parameters for realizing a pulsating string configuration. In Section 3 we focus on
calculating the energy spectrum, the corresponding first order correction in powers of λ
for the pulsating string configuration, and the anomalous dimensions of the operators in
the dual gauge theory. In this case, the calculations are possible in perturbation theory
due to the fact that the squared string Hamiltonian takes the form of a point particle one.
Finally, in Section 4 we make a brief conclusion of our results.
2 Pulsating string solutions in Schr5 × T 1,1
In this section we will construct the ten-dimensional Schr5×T 1,1 background by applying
a TsT transformation on the original AdS5 × T 1,1, which initially comes without a B-
field. Consequently, the new background will acquire non-trivial B-field, thus essentially
changing the character of the string dynamics. However, we show that the classical string
equations of motion in Schr5×T 1,1 admit explicit analytical solutions in therms of simple
trigonometric and Jacobi elliptic functions.
3
2.1 Generating Schr5 × T 1,1
It is well know for nearly fifty years that the symmetry of the free Schrödinger equation
∂2
∂~r2
φ− 2im ∂
∂t
φ = 0, (2.1)
is the so called Schrödinger group. It consists of the following spacetime transformations
in d space dimensions
t → t′ = at + b
ct + d
, ~r → ~r ′ = Ω~r + ~vt+
~A
ct+ d
. (2.2)
Here Ω is a rotation matrix and ad− bc = 1. The scaling properties of spacial directions
and the time coordinate are different, (t, ~x) → (λ2t, λ~x).
From group point of view, the Schrödinger group can be thought of as a non-relativistic
analogue of the conformal group in d dimensions. In fact, as can be seen from above, the
Schrödinger group in d spatial dimensions can be embedded into the relativistic conformal
group in d+1 dimensions SO(2, d+2), or particular contraction of the conformal group.
[59].
For purposes of holographic correspondence it is important to consider spaces with
the Schrödinger group being the maximal group of isometries. As it was mentioned in
the introduction, there is a simple way to obtain the spacetime geometry possessing this
symmetry. Having the comments above, it is a natural guess to assume that it can be done
starting from the AdS space associated with the corresponding conformal group. Being
particular case of the so called Drinfe’ld-Reshetikhin twist, the TsT procedure has been
used for generating many backgrounds keeping integrability (or part of it) intact. Specific
point in generating Schrödinger backgrounds via TsT transformations is that one of the
light-cone variables is involved. This type deformations are known also as null-Melvin
twist. To generate null-Melvin twist we implement the following steps:
• write the theory in light-cone coordinates and identify a Killing direction, say ψ,
• T-dualize along the Killing direction ψ,
• boost the geometry in the Killing direction by an amount µˆ,
• T-dualize the geometry back to IIA/IIB along ψ.
In order to accomplish the desired result consider AdS5×X5, where the metric on X5
is gαβ . Now we perform a null Melvin twist along a Killing vector K on X5. The result is
ds210 = ds
2
Schr5
+ ds2X5 , (2.3)
where
ds2Schr5 = −
Ω
z4
+
1
z2
(−2dvdu+ dx21 + dx22 + dz2), Ω = ‖K‖2 = gαβKαKβ . (2.4)
It is clear that Ω is non-negative being a square length of the Killing vector. The generated
B-field has the form
B(2) =
1
z2
K ∧ du. (2.5)
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An important remark is that in order to make holographic sense of these solutions one
has to impose some conditions. In particular for these to be holographic duals to non-
relativistic field theories the light-cone coordinate v should be periodic, v ∼ v + 2πrv
[14, 15, 33]. The momentum along this compact direction is quantized in units of the
inverse radius r−1v .
Let us translate the above procedure to our case introducing the notations we will use
from now on. We proceed with AdS5 × T 1,1 background, which arises from a stack of
N D-branes at the tip of the conifold, the conic Calabi-Yau 3-fold whose base space is
T 1,1 [1]. The manifold T 1,1 is the coset space (SU(2)× SU(2))/U(1). This supergraviry
solution is the dual to the N = 1 supersymmetric Yang-Mills theory. The metric of
AdS5 × T 1,1 is defined as
ds2 = ds2AdS5 + ℓ
2 b
4

 2∑
i=1
(
dθ2i + sin
2 θi dφ
2
i
)
+ b
(
dψ −
2∑
i=1
cos θi dφi
)2 , (2.6)
where the metric on AdS5 is written in light-cone coordinates by
ds2AdS5 = ℓ
2 2dx
+dx− + dxidxi + dz
2
z2
. (2.7)
This is clearly an S1 Hopf fibration over S2 × S2 with ψ parameterizing the fiber cir-
cle which winds over the two base spheres once1. The isometry group of T 1,1 is SU(2)×
SU(2)×U(1) and in particular, it has three commuting Killing vectors: ∂/∂φ1, ∂/∂φ2, ∂/∂ψ.
It is easily seen that the generated metric by doing TsT along ψ and x− will produce
5d Schrödinger spacetime times conifold
ds2 = ds2Schr5 + ℓ
2 b
4

 2∑
i=1
(
dθ2i + sin
2 θi dφ
2
i
)
+ b
(
dψ −
2∑
i=1
cos θi dφi
)2 , (2.8)
where
ds2Schr5 = ℓ
2
(
− µˆ
2(dx+)2
z4
+
2dx+dx− + dxidxi + dz
2
z2
)
, (2.9)
and there is also a generated B-field given as in (3.5). Now we proceed with choosing an
ansatz for our problem.
2.2 Ansatz and classical equations of motion
In the previous subsection the metric has not been written in global coordinates. The
ten-dimensional line element of the background in global coordinates is given by
ds2Schr5×T 1,1 = ds
2
Schr5
+ ds2T 1,1, (2.10)
where the Schrödinger part of the metric in global spacetime coordinates is written by [27]
ds2Schr5
ℓ2
= −
(
1 +
µˆ2
Z4
+
~X2
Z2
)
dT 2 +
2dTdV + d ~X2 + dZ2
Z2
, (2.11)
1When the Hopf numbers of the S1 bundle over the base 2-spheres are p and q the above generalizes
to the manifolds T p,q.
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and the T 1,1 part yields
ds2T 1,1
ℓ2
=
b
4

 2∑
i=1
(
dθ2i + sin
2 θi dφ
2
i
)
+ b
(
dψ −
2∑
i=1
cos θi dφi
)2 . (2.12)
Here, 0 ≤ ψ < 4π, 0 ≤ θi ≤ π, 0 ≤ φi < 2π, and b = 2/3, although we will keep the
notation b 2. Also one has µˆ is a deformation parameter coming from the TsT transfor-
mation. Furthermore, the application of TST transformations also generates a non-zero
B-field, namely
B(2) = ℓ
2 bµˆ
2Z2
dT ∧
(
dψ −
2∑
i=1
cos θi dφi
)
. (2.13)
The Polyakov string action in conformal gauge, with Kalb-Ramond B-field is given by
S = − 1
4πα′
∫
dτdσ
(√−h hαβ∂αXM∂βXNGMN − ǫαβ∂αXM∂βXNBMN), (2.14)
where α, β = 0, 1, hαβ = diag(−1, 1), M,N = 0, . . . , 9 and ǫ01 = +1. Therefore, the
Lagrangian in the considered background takes the following explicit form
−4πα′L = GTT (T ′2 − T˙ 2) +G ~X ~X( ~X ′2 − ~˙X2) +GZZ(Z ′2 − Z˙2)
+ 2GTV (T
′V ′ − T˙ V˙ ) +Gθ1θ1(θ′21 − θ˙21) +Gθ2θ2(θ′22 − θ˙22)
+Gφ1φ1(φ
′2
1 − φ˙21) +Gφ2φ2(φ′22 − φ˙22) +Gψψ(ψ′2 − ψ˙2)
+ 2Gφ1φ2(φ
′
1φ
′
2 − φ˙1φ˙2) + 2Gφ1ψ(φ′1ψ′ − φ˙1ψ˙) + 2Gφ2ψ(φ′2ψ′ − φ˙2ψ˙)
+ 2BTφ1(T
′φ˙1 − T˙ φ′1) + 2BTφ2(T ′φ˙2 − T˙ φ′2) + 2BTψ(T ′ψ˙ − T˙ψ′), (2.15)
where we have used X˙ = ∂τX and X
′ = ∂σX. In order to obtain pulsating string solutions
we consider the following string ansatz (κ > 0):
T = κτ, V = 0, ~X = ~0, Z = const 6= 0,
θ1 = θ1(τ), θ2 = θ2(τ), φ1 = m1σ, φ2 = m2σ, ψ = m3σ. (2.16)
In this case, the equations of motion for V, ~X, φ1, φ2 and ψ, are trivially satisfied, while
the equations for T , Z, θ1, θ2 stay relevant. Let us begin with the equation along T ,
m1 sin θ1(τ) θ˙1(τ) +m2 sin θ2(τ) θ˙2(τ) = 0. (2.17)
It can be written in the following useful form
m1 cos θ1(τ) +m2 cos θ2(τ) = A = const, m1,2 6= 0. (2.18)
The equation along Z is given by
Z2 =
2µˆκ
b(m3 − A) = const, (2.19)
while the equations along θi, i = 1, 2, yield
θ¨i(τ) +mi sin θi(τ)
(
mi cos θi(τ) + b(m3 −A)− 2µˆκ
Z2
)
= 0. (2.20)
2One notes that for b = 1 the S5 metric is recovered.
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Using Eq. (2.19) one can write the previous expression in the form
θ¨i(τ) +m
2
i sin θi(τ) cos θi(τ) = 0. (2.21)
We should also supplement the equations of motion with the Virasoro constraints:
Vir1 : GMN
(
X˙MX˙N +X ′MX ′N
)
= 0, (2.22)
Vir2 : GMN X˙
MX ′N = 0, (2.23)
where the first equation (2.22) explicitly reads
θ˙1
2
(τ) + θ˙2
2
(τ) +m21 sin
2 θ1(τ) +m
2
2 sin
2 θ2(τ)− 4κ
2
b
= 0, (2.24)
where we have identified
4|GTT |κ2 − b2(m3 − A)2
b
=
4κ2
b
, (2.25)
and the second Virasoro constraint (2.23) is trivially satisfied. Multiplying (2.21) by θ˙i
we obtain
θ˙i(τ)θ¨i(τ) +m
2
i sin θi(τ) cos θi(τ) θ˙i(τ) = 0, (2.26)
thus one finds
d
dτ
{
θ˙i
2
(τ) +m2i sin
2 θi(τ)
}
= 0, (2.27)
or
θ˙i
2
(τ) +m2i sin
2 θi(τ) = Ki > 0 . (2.28)
Combining Eqs. (2.24) and (2.28) we get a relation between the constants K1 and K2,
namely
K1 +K2 =
4κ2
b
. (2.29)
Now we are in a position to integrate Eq. (2.28), namely
θi(τ)∫
0
dθi√
1− m
2
i
Ki
sin2 θi
= F

θi,
√
m2i
Ki

 =√Ki
τ∫
0
dτ. (2.30)
Finally, the solution is given in terms of the Jacobi elliptic cosine
cos θ1(τ) = cn

√K1 τ,
√
m21
K1

, cos θ2(τ) = cn

√K2 τ,
√
m22
K2

. (2.31)
Now the pulsating string condition (2.18) acquires the form
m1 cn

√K1 τ,
√
m21
K1

 +m2 cn

√K2 τ,
√
m22
K2

 = A. (2.32)
It must be satisfied for any value of τ . Setting τ = 0 we get
m1 +m2 = A. (2.33)
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Finally we can find an explicit expression for the classical energy of the considered
sting configuration, namely
E = −
l/2∫
l/2
dσ
∂L
∂(∂τT )
=
ℓ
α′
[(
1 +
µˆ2
Z4
)
κ +
bµˆ
2Z2
(m1 +m2 −m3)
]
, (2.34)
where l = 2πℓ is the string length and we have also used (2.32) and (2.33).
3 Energy corrections and anomalous dimensions
In this section we will quantize the pulsating string semi-classically. We will calculate
the corresponding energy spectra and their perturbative quantum corrections up to first
order in the small parameter λ. According to the AdS/CFT dictionary, the anomalous
dimensions of the corresponding SYM operators are directly related to the corrections of
the string energy.
3.1 Derivation of the Schrödinger equation
In order to semi-classically quantize the bosonic sector of the pulsating string configuration
one invokes the Nambu-Goto string action, namely
SNG = − 1
2πα′
∫
dτdσ
√
− det (GMN ∂αXM ∂βXN −BMN ∂αXM ∂βXN) . (3.1)
The first ingredient towards finding the spectrum is to make a pullback of the line
element of the metric of Schr5×T 1,1 to the subspace, where string dynamics takes place.
The result for the metric is
ds2 = ℓ2
(
− |G00| dT 2 +
2∑
i,j=1
Gij dθ
idθj +
3∑
k,h=1
Gˆkh(θ1, θ2) dφ
kdφh
)
, (3.2)
where the following quantities have been defined3
|G00| = 1 + µˆ
2
Z4
, (Gij) =
b
4
(
1 0
0 1
)
, (3.3)
and (
Gˆkh
)
=
b
4

b cos2 θ1 + sin2 θ1 b cos θ1 cos θ2 −b cos θ1b cos θ1 cos θ2 b cos2 θ2 + sin2 θ2 −b cos θ2
−b cos θ1 −b cos θ2 b

. (3.4)
The B-field also changes to
B(2) = ℓ
2 bµˆ
2Z2
dT ∧ (dψ − cos θ1dφ1 − cos θ2dφ2) = ℓ2
3∑
k=1
b0k(θ1, θ2) dT ∧ dφk, (3.5)
where
b01 = − bµˆ
2Z2
cos θ1 , b02 = − bµˆ
2Z2
cos θ2 , b03 =
bµˆ
2Z2
. (3.6)
3From now on we will use the notation |G00| = |GTT |.
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Based on [50], in this section we can consider a more extended ansatz than (2.16), such
as
T = κτ, V = 0, ~X = ~0, Z = const 6= 0,
θ1 = θ1(τ) , θ2 = θ2(τ) , (3.7)
φ1 = m1σ + h1(τ) , φ2 = m2σ + h2(τ) , ψ = φ3 = m3σ + h3(τ). (3.8)
Taking into account the above ansatz one can also calculate the components of the induced
metric and the B-field on the worldsheet:
ds2ws
ℓ2
=
(
−|G00|κ2 +Gij θ˙iθ˙j + Gˆpq h˙ph˙q
)
dτ 2 + Gˆpqmpmq dσ
2 + 2Gˆpqmph˙
q dτdσ, (3.9)
Bws(2) = ℓ
2Bτσ dτ ∧ dσ, Bτσ = −Bστ =
3∑
i=1
b0i(θ1, θ2) κmi. (3.10)
By taking into account (3.6) one finds that B2τσ ≡ B2(θ1, θ2), i.e.
B2τσ ≡ B2(θ1, θ2) =
b2µˆ2κ2
4Z4
(m3 −m1 cos θ1 −m2 cos θ2)2 ≥ 0 . (3.11)
Now, we can write the Nambu-Goto action (3.1) in terms of the notations we have intro-
duced above,
SNG = − ℓ
2
α′
∫
dτ
√
‖~m‖2
(
|G00|κ2 −Gij θ˙iθ˙j − Gˆpq h˙ph˙q
)
+
(
Gˆpqmph˙q
)2
− B2 , (3.12)
where ℓ2/α′ =
√
λ is the ’t Hooft coupling constant and
‖~m‖2 =
3∑
k,h=1
Gˆkh(θ1, θ2)mkmh =
b
4

 2∑
i=1
m2i sin
2 θi + b
(
m3 −
2∑
i=1
mi cos θi
)2  > 0,
(3.13)
or equivalently
‖~m‖2 = b
4
{(
b cos2 θ1 + sin
2 θ1
)
m21 +
(
b cos2 θ2 + sin
2 θ2
)
m22 + bm
2
3
+2b cos θ1 cos θ2m1m2 − 2b cos θ1m1m3 − 2b cos θ2m2m3} . (3.14)
It is useful to consider the Hamiltonian formulation of the problem. In our case, the
canonical momenta are given by
Πi =
∂L
∂θ˙i
=
√
λ
‖~m‖2Gij θ˙j√
‖~m‖2
(
|G00|κ2 −Gkj θ˙kθ˙j − Gˆpq h˙ph˙q
)
+
(
Gˆpqmph˙q
)2
− B2
, (3.15)
Πˆp =
∂L
∂h˙p
=
√
λ
‖~m‖2 Gˆpq h˙q − (Gˆkqmkh˙q) Gˆpqmq√
‖~m‖2
(
|G00|κ2 −Gij θ˙iθ˙j − Gˆkq h˙kh˙q
)
+
(
Gˆkqmkh˙q
)2
− B2
, (3.16)
which also implies the constraint
3∑
p=1
mp Πˆp = 0. (3.17)
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Using Legendre transformation, L = Πk θ˙
k − H , we find the (square of) the pulsating
string Hamiltonian
H2 =
‖~m‖2 |G00|κ2 − B2
‖~m‖2
(
2∑
i,j=1
Gij ΠiΠj +
3∑
p,q=1
Gˆpq ΠˆpΠˆq
)
+ λ
(‖~m‖2 |G00|κ2 − B2) .
(3.18)
We observe that H2 looks like a point-particle Hamiltonian, which seems to be character-
istic feature of pulsating strings in holography. The last term,
U(θ1, θ2) = ‖~m‖2 |G00| κ2 − B2
=
bκ2
4
{
b
(
m21 +m
2
2 +m
2
3
)
+ (|G00| − b)
[
m21 sin
2θ1 +m
2
2 sin
2θ2
]
+2bm1m2 cos θ1 cos θ2 − 2bm3 (m1 cos θ1 +m2 cos θ2)} , (3.19)
serves as an effective potential, which encodes the relevant dynamics of the strings. The
H2 is an effective point-particle Hamiltonian, which can write in the following form
H2 =
‖~m‖2 |G00|κ2 −B2
‖~m‖2
~P 2 + λU(θ1, θ2) . (3.20)
It is clear that
‖~m‖2 |G00|κ2 −B2
‖~m‖2 > 0 . (3.21)
The kinetic term of the Hamiltonian (3.18) is considered as a five dimensional Laplace-
Beltrami operator of T 1,1
~P 2 =
(
2∑
i,j=1
Gij ΠiΠj +
3∑
p,q=1
Gˆpq ΠˆpΠˆq
)
−→ ∆T 1,1 , (3.22)
which defines the eigen-functions of the Hamiltonian, satisfying the following Schrödinger
equation
‖~m‖2 |G00|κ2 −B2
‖~m‖2 ∆T 1,1 Ψ = −E
2 Ψ, (3.23)
or [
1− B
2(θ1, θ2)
|G00|κ2 ‖~m‖2(θ1, θ2)
]
∆T 1,1 Ψ = − E
2
|G00|κ2 Ψ. (3.24)
Here we have
0 ≤ B
2(θ1, θ2)
|G00|κ2 ‖~m‖2(θ1, θ2)
=
b µˆ2
Z4 + µˆ2
(m3 −m1 cos θ1 −m2 cos θ2)2[
2∑
i=1
m2i sin
2 θi + b
(
m3 −
2∑
i=1
mi cos θi
)2 ] < 1.
(3.25)
Moreover, at high energies, the inequality is satisfied
0 ≤ B
2(θ1, θ2)
|G00|κ2 ‖~m‖2 (θ1, θ2)
≪ 1 . (3.26)
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At quantum level the wave function accounts for all quantum fluctuations. As far
as we are interested in the quasi-classical quantum behavior it is convenient to split the
fluctuations into fast and slow variables. At the relevant accuracy level the wave function
“feels” only the slow fluctuations while the fast ones enter the wave equation with their
average over the fluctuation period. In our case fast variables are the angles θ1 and θ2.
Indeed, it is easy to see from the explicit solutions (2.31) and (2.29) that the periods
mi/
√
Ki of θi(
√
Kiτ) are very small provided κ
2 is very large. In this sense, the wave
function will “feel” the average values of cos θi and cos
2 θi. Moreover, their oscillation
amplitudes are in term with a weight much smaller than one (3.26). Therefore, we can
approximate the small term (3.26) as follows
0 ≤ B
2(θ1, θ2)
|G00|κ2 ‖~m‖2 (θ1, θ2)
≈ b µˆ
2
(Z4 + µˆ2)
(
m23 +
1
2
m21 +
1
2
m22
)(
bm23 +
1+b
2
m21 +
1+b
2
m22
) ≪ 1 . (3.27)
Then, we have to solve the following equations
∆T 1,1 Ψ = − E
2
κ2
Z4 [2bm23 + (1 + b)(m
2
1 +m
2
2)]
Z4 [2bm23 + (1 + b)(m
2
1 +m
2
2)] + µˆ
2 (m21 +m
2
2)
Ψ . (3.28)
3.2 Laplace-Beltrami operator and wave function
Laplace-Beltrami operator on T 1,1. Using the line element of T 1,1 given by (2.12)
and the standard definition of the Laplace-Beltrami operator we find (see section 3 of [48]
for the general case of T p,q)
∆T 1,1 =
4
b2
[
b
sin θ1
∂
∂θ1
(
sin θ1
∂
∂θ1
)
+
b
sin2 θ1
∂2
∂φ21
+
2b cos θ1
sin2 θ1
∂2
∂φ1∂ψ
(3.29)
+
b
sin θ2
∂
∂θ2
(
sin θ2
∂
∂θ2
)
+
b
sin2 θ2
∂2
∂φ22
+
2b cos θ2
sin2 θ2
∂2
∂φ2∂ψ
+
(
1 +
b cos2 θ1
sin2 θ1
+
b cos2 θ2
sin2 θ2
)
∂2
∂ψ2
]
.
We can rewrite this expression in a form, which is more useful for our analysis
∆T 1,1 =
4
b2
{
b
[
1
sin θ1
∂
∂θ1
(
sin θ1
∂
∂θ1
)
+
1
sin2 θ1
(
∂
∂φ1
+ cos θ1
∂
∂ψ
)2 ]
+ b
[
1
sin θ2
∂
∂θ2
(
sin θ2
∂
∂θ2
)
+
1
sin2 θ2
(
∂
∂φ2
+ cos θ2
∂
∂ψ
)2 ]
+
∂2
∂ψ2
}
. (3.30)
The full measure on T 1,1 is
dΩ =
√
det(Gµν) dθ1dθ2 dφ1dφ2 dψ =
b3
32
sin θ1 sin θ2 dθ1dθ2 dφ1dφ2 dψ . (3.31)
Wave function. The Schrödinger equation for the wave function is
∆T 1,1 Ψ(θ1, θ2, φ1, φ2, ψ) = −M2 E
2
κ2
Ψ(θ1, θ2, φ1, φ2, ψ) , (3.32)
where
M2 =
Z4 [2bm23 + (1 + b)(m
2
1 +m
2
2)]
Z4 [2bm23 + (1 + b)(m
2
1 +m
2
2)] + µˆ
2 (m21 +m
2
2)
. (3.33)
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One notes that the order of magnitude for M2 ∼ 1, when we are situated far from the
boundary, Z ≫ 1. To separate the variables, we define Ψ as
Ψ(θ1, θ2, φ1, φ2, ψ) = e
il1φ1 eil2φ2 eil3ψ f1(θ1) f2(θ2), l1, l2, l3 ∈ Z . (3.34)
With this choice we can solve for the eigenfunctions, replacing the derivatives along Killing
directions (∂φ1 , ∂φ2 , ∂ψ) by (il1, il2, il3) correspondingly. Substituting (3.34) in (3.32), to-
gether with (3.30), we arrive at
E2 =
4
b2
(bE21 + bE
2
2 + l
2
3) , (3.35)
where E1 and E2 are determined by the ordinary differential equations[
1
sin θi
d
dθi
(
sin θi
d
dθi
)
− 1
sin2 θi
(li + cos θil3)
2
]
fi(θi) = −M2 E
2
i
κ2
fi(θi) , i = 1, 2 .
(3.36)
It is convenient to define new variables zi = cos θi. Then the equations can be written as(
(1− z2i )
d2
dz2i
− 2zi d
dzi
− 1
1− z2i
(li + zi l3)
2 + M2
E2i
κ2
)
fi(zi) = 0 . (3.37)
The solutions to these equations are given by the standard hypergeometric functions.
However, we choose the regular solution
fi(zi) = (1− zi)
βi
2 (1 + zi)
αi
2 2F1
[
1
2
(
αi + βi + 1−
√
1 + 4
(
l23 +M
2
E2i
κ2
))
,
1
2
(
αi + βi + 1 +
√
1 + 4
(
l23 +M
2
E2i
κ2
))
, 1 + αi ,
1 + zi
2
]
, (3.38)
where αi ≡ | li − l3 | and βi ≡ | li + l3 |. In addition, we have to ensure that the solutions
fi(θi) are square integrable with respect to the measure for θi, which leads to the following
restrictions on the parameters√
1 + 4
(
l23 +M
2
E2i
κ2
)
− αi − βi − 1 = 2ni , ni ∈ N . (3.39)
From (3.35) and (3.39) one finds the squared semi-classically quantized energy of the
pulsating string configuration
E2 =
4κ2
b2M2
(
b
4
2∑
i=1
(2ni + αi + βi + 1)
2 −
(
2b− M
2
κ2
)
l23 −
b
2
)
. (3.40)
Now, the solution can be written in terms of Jacobi polynomials
fi(zi) = (1− zi)αi/2 (1 + zi)βi/2 ni! Γ(αi + 1)
Γ(αi + 1 + ni)
P (αi,βi)ni (zi) , (3.41)
thus one can write the normalized wave functions such as
Ψαi,βini (zi) =
√
(αi + βi + 1 + 2ni)ni! Γ(αi + βi + 1 + ni)
2αi+βi+1 Γ(αi + 1 + ni) Γ(βi + 1 + ni)
× (1− zi)αi/2 (1 + zi)βi/2P (αi,βi)ni (zi) , i = 1, 2 . (3.42)
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Therefore, the full wave function in T 1,1 (3.34) looks like
Ψ =
1√
16π3
eil1φ1 eil2φ2 eil3ψ Ψα1,β1n1 (z1) Ψ
α2,β2
n2 (z2). (3.43)
Taking the limit µˆ → 0 (Schr5 × T 1,1 → AdS5 × T 1,1 ) we find perfect agreement with
the results for the energy and the wave function given in [50].
3.3 Leading correction to the energy
In terms of the new variables zi the potential (3.44) becomes
U(z1, z2) = ‖~m‖2 |G00|κ2 − B2
=
bκ2
4
{
b
(
m21 +m
2
2 +m
2
3
)
+ (|G00| − b)
[
m21
(
1− z21
)
+m22
(
1− z22
)]
+2bm1m2 z1z2 − 2bm3 (m1z1 +m2z2)} . (3.44)
Consequently the measure (3.31) also changes to
dΩ =
b3
32
dz1 dz2 dφ1 dφ2 dψ , −1 ≤ z1, z2 ≤ 1 . (3.45)
Hence, the first correction to the energy is given by the expression
δE2 = λ
1∫
−1
1∫
−1
2π∫
0
2π∫
0
4π∫
0
|Ψ(z1, z2, φ1, φ2, ψ)|2 U(z1, z2) dΩ(z1, z2, φ1, φ2, ψ)
= λ
b3
32
1∫
−1
1∫
−1
∣∣Ψα1,β1n1 (z1)∣∣2 ∣∣Ψα2,β2n2 (z2)∣∣2 U(z1, z2) dz1 dz2. (3.46)
The explicit form of the correction is obtained by plugging the various wave functions and
the potential in (3.46), namely
δE2 = λ
b4κ2
128

b (m21 +m22 +m23) + (|G00| − b)
2∑
i=1
m2i
1∫
−1
(
1− z2i
) ∣∣Ψαi,βini (zi)∣∣2dzi
+2b
2∏
i=1
mi
1∫
−1
zi
∣∣Ψαi,βini (zi)∣∣2dzi − 2bm3
2∑
i=1
mi
1∫
−1
zi
∣∣Ψαi,βini (zi)∣∣2dzi

 .
(3.47)
In short notations it looks like
δE2 = λ
b4κ2
128
{
b
(
m21 +m
2
2 +m
2
3
)
+ (|G00| − b)
(
m21 I1 +m
2
2 I2
)
+2bm1m2 I˜1I˜2 − 2bm3
(
m1I˜1 +m2 I˜2
)}
, (3.48)
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where the introduced integrals are explicitly calculated as follows
Ii =
1∫
−1
(
1− z2i
) ∣∣Ψαi,βini (zi)∣∣2 dzi
=
(ni + αi + βi + 1)(ni + αi + βi + 2)(ni + αi + 1)(ni + βi + 1)
(2ni + αi + βi + 1)(2ni + αi + βi + 2)2(2ni + αi + βi + 3)
+
ni(ni + αi + βi + 1)
(2ni + αi + βi + 1)2
(
ni + αi + 1
2ni + αi + βi + 2
− ni + βi
2ni + αi + βi
)2
+
ni(ni − 1)(ni + αi)(ni + βi)
(2ni + αi + βi + 1)(2ni + αi + βi)2(2ni + αi + βi − 1) , (3.49)
I˜i =
1∫
−1
zi
∣∣Ψαi,βini (zi)∣∣2 dzi (3.50)
=
2(ni + βi)(ni + αi + βi)
(2ni + αi + βi + 1)(2ni + αi + βi)
+
2(ni + 1)(ni + αi + 1)
(2ni + αi + βi + 1)(2ni + αi + βi + 2)
.
The expression for the correction to the energy looks very complicated. Therefore, we use
the fact that the approximation we work in is for large quantum numbers, say n1,2 ≫ 1.
Within this approximation the integrals behave like
Ii =
1
8
+
1
32
(
2α2i + 2β
2
i − 1
) 1
n2i
+O
(
1
n3i
)
, (3.51)
I˜i = 1 +
1
4
(
β2i − α2i
) 1
n2i
+O
(
1
n3i
)
. (3.52)
Since αi ≡ | li − l3 | and βi ≡ | li + l3 |, the above integrals look like
Ii =
1
8
+
1
8
(
l2i + l
2
3 −
1
4
)
1
n2i
+O
(
1
n3i
)
, (3.53)
I˜i = 1 +
lil3
n2i
+O
(
1
n3i
)
. (3.54)
Combining (3.40) and (3.48) we find the total corrected energy E˜ =
√
E2 + δE2 such as
E˜ =
{
4κ2
b2M2
[
b
4
2∑
i=1
(2ni + αi + βi + 1)
2 −
(
2b− M
2
κ2
)
l23 −
b
2
]
+ λ
b4κ2
128
[
b
(
m21 +m
2
2 +m
2
3
)
+ (|G00| − b)
(
m21 I1 +m
2
2 I2
)
+2bm1m2 I˜1I˜2 − 2bm3
(
m1I˜1 +m2 I˜2
)]}1/2
. (3.55)
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The latter expression can be expanded up to first order in λ
E˜ =
√
E2 +
δE2
2
√
E2
+O(λ2)
=
2κ
bM
√√√√ b
4
2∑
i=1
(2ni + αi + βi + 1)2 −
(
2b− M
2
κ2
)
l23 −
b
2
+
b5κMY
512
√
b
4
∑2
i=1(2ni + αi + βi + 1)
2 −
(
2b− M
2
κ2
)
l23 −
b
2
λ + O(λ2), (3.56)
where
Y = b
(
m21 +m
2
2 +m
2
3
)
+ (|G00| − b)
(
m21 I1 +m
2
2 I2
)
+ 2bm1m2 I˜1I˜2 − 2bm3 (m1I˜1 +m2 I˜2). (3.57)
The anomalous dimension ∆ of the operators in the dual gauge theory is explicitly
follows form (3.56)
∆ =
b5κMY
512
√
b
4
2∑
i=1
(2ni + αi + βi + 1)2 −
(
2b− M
2
κ2
)
l23 −
b
2
λ. (3.58)
4 Conclusion
Our study is focused on the dynamics of pulsating strings in Schrödinger background times
T 1,1 conifold with non-zero B-field. The Schrödinger part of the spacetime was obtained
by TsT deformations of the original AdS5×T 1,1 space involving the time direction and one
spatial dimension in the internal space. This particular TsT technique is also known as null
Melvin twist transformation, which is a special case of the general Drinfel’d-Reshetikhin
twist.
Previous studies of pulsating strings in particular backgrounds with external fluxes
have been conducted for instance in [56]. In order to find pulsating string solutions in
Schr5 × T 1,1 background, we have employed an appropriate ansatz (2.16) for the string
configuration. Considering the bosonic part of the Polyakov string action in conformal
gauge we have found the relevant classical equations of motion (2.17)-(2.21) together with
the Virasoro constraints (2.24). The solutions are in therms of Jacobi elliptic functions
(2.31). Furthermore, we managed to explicitly calculate also the classical energy of the
pulsating string configuration in terms of the relevant parameters of the problem.
A great simplification in the semi-classical treatment of the problem came from the
fact that the squared Hamiltonian (3.18) of the pulsating strings has the form of a point-
particle Hamiltonian. This allowed us to recognize an effective string potential, which
was later used to obtain the corrections to the energy via perturbation theory in powers
of the small t’ Hooft coupling λ. Holographic AdS/CFT dictionary relates the calculated
energy corrections to the anomalous dimensions (3.58) of the operators in the dual gauge
theory. Thus, the next issue we focused on has been the calculation of corrections to the
energy of the bulk theory. The resulting equation (3.24) for the wave function is a second
15
order Fuchsian differential equation, which is hard to solve analytically. However, since
we consider correspondence at quasi-classical level the wave equation can be reduced to
simpler expressions applying physically relevant approximation.
We solved the approximated wave equation and obtained the wave function. Analo-
gously to the case of AdS5 × S5, the semi-classical quantized energy is given in terms of
principal quantum numbers (l1, l2, l3) associated with the variables φ1, φ2 and ψ as well
as the integer numbers (n1, n2) dubbed as quantization conditions. The first correction to
the energy is obtained by making use of the wave function and potential to the first order
in the coupling λ (3.48). According to the holographic correspondence corrections to the
bulk energy determine anomalous dimensions of the dual field theory operators (3.58).
As expected, the energy corrections depend on the parameter µˆ coming from generating
background TsT procedure. It measured the deviation from the most studied case of
AdS5 × T 1,1 [49]. Indeed, the potential for the effective Hamiltonian (3.44), compared
to [49], contains deformations not only in the first term but receives a new contribution
from the B-field. However, if we take a limit µˆ → 0 the theory should be reduced to
holography in AdS5 × T 1,1. Indeed, conducting this limit the effective theory in terms of
energy correction reduces to the one obtained in [49].
This study complements the results for non-relativistic holographic correspondence,
which is much less investigated compared to the relativistic AdS/CFT correspondence.
In this context there are many ways to proceed. One aspect is to extend this kind of
analysis to other backgrounds with non-relativistic field theory duals. Another issue is
the identification of (at least of particular class of) field theory operators and thorough
investigation of their correlation functions. We hope to address these issues in the near
future.
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